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Abstract 

We construct a new supersymmetric two boson (sTB-B) hierarchy and study its prop- 
erties. We derive the conserved quantities and the Hamiltonian structures (proving the 
Jacobi identity) for the system. We show how this system gives the sKdV-B equation 
and its Hamiltonian structures upon appropriate reduction. We also describe the zero 
curvature formulation of this hierarchy both in the superspace as well as in components. 
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1. Introduction 

In the last few years integrable models [1-3] have become increasingly relevant in 
the study of strings through the matrix models. It was shown that the KdV hierarchy 
appears in the so called double scaling limit of the one-matrix model. This fact allowed 
the exact computation of correlation functions on arbitrary topology [4]. However, since 
supersymmetric string theories are believed to be more fundamental, a generalization of 
these techniques to the supersymmetric case is in order. A first step in this direction 
was pursued in [5] and an arbitrary genus solution was found in [6]. In fact, a new 
supersymmetric extension of the KdV hierarchy was obtained in the double scaling limit. 
The authors of Ref. [7,8] showed that this new supersymmetric hierarchy, the sKdV-B 
hierarchy, was a sort of supersymmetric covariantization of the bosonic KdV hierarchy. In 
fact, their observation provides us with a general scheme of supersymmetrization for any 
bosonic hierarchy. 

In a parallel study, much attention was devoted to the supersymmetric extension of the 
Two-Boson system (TB) [9-11]. The supersymmetric Two-Boson (sTB) hierarchy [12,13], 
has a rich structure. One of its more important properties is that it gives rise to many 
other supersymmetric integrable systems under appropriate reduction. Our aim in this 
letter is to supersymmetrize the TB system following the procedure in Refs. [7] and [8]. 
In this way we will obtain a new supersymmetric TB hierarchy, the sTB-B hierarchy and 
study its properties. Under appropriate reduction we will show that the sKdV-B equation 
results from this system. 

The paper is organized as follows. In Sec. 2 we review briefly the Two-Boson sys- 
tem. In Sec. 3 we construct the new supersymmetric Two-Boson system showing its 
bi-Hamiltonian structure. We also explain how to prove the Jacobi identity for odd Pois- 
son structures using super prolongation techniques. In Sec. 4 we show how the sKdV-B 
equation is embedded in this system. We also show that a supersymmetric generalization 
of the nonlinear Schrodinger equation (NLS) using this scheme fails to give a local equa- 
tion. In Sec. 5 we construct the zero curvature formulation for the sTB-B hierarchy in the 
superspace as well as in components. Our conclusions are presented in Sec. 6. We also 
refer the readers to [13] where details about supersymmetric calculations can be found. 
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2. The TB Hierarchy 

The two boson system is given by the equations [9-11] (prime denotes derivative with 
respect to x) 

= (2j! + j 2 - j' Q y 



dt 

This system has a nonstandard Lax representation [9,14] 

8L 
~dt 



(JJl =(2J J l + J[Y 



M^)>i (2) 



with a Lax operator given by 

L = d-J + d~ 1 J 1 (3) 

In fact, equations (1) are part of an hierarchy of equations which can be expressed in 
bi-Hamiltonian form 



dJ Q \ 




/ SHk+i \ 




/ SH k 


dt k 1 


I-* 


f SJ 1 




1 5J 


9Ji 1 




i <5H fe + 1 j 




[ 5H k 


dt k / 




\ 5Ji / 




\ <5Ji 



(4) 



The conserved charges (Hamiltonians) are given by 

H n = Tr L n = J dx Res L n = J dxh n (J , J x ) n = 1,2,3,... (5) 

where "Res" stands for the coefficient of the d~ x term in the pseudo-differential operator. 
The first few conserved charges are 

H\ = J dx J\ 

H 2 = J dx J Ji (6) 
H 3 = Jdx (Jl - J' Q Ji + Ji 4) 

and the two Hamiltonian structures for the system in eq. (4) are given by 

d s 



d 

V 2 



28 dJ - d 2 
J d + d 2 Jxd + dJx 
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For k = 2 we obtain the equations (1) from (4). 



3. The sTB-B Hierarchy and Its Integrability 

The standard procedure to obtain the new supersymmetric TB hierarchy (hereafter 
referred to as the sTB-B hierarchy) is to first replace the variables J , J\ in the TB 
hierarchy (4) (which we will denote by TB(J , J\) following Ref. [7]) by the superfields 

(D$ ) = Jo + ^o 
(D$>i) = Ji + 6if)[ 

In this way we get a new hierarchy which we will denote by TB((D$ ),(-D^ , i)) and the 
new sTB-B($o 7 ^ > i) hierarchy is obtained by taking off one derivative from the left and the 
right sides of the equation. So, from (4) the TB((D<& ),(D<&i)) hierarchy is 



(8) 



dt k 

dt k 



5H k 



■'o = ( D *o) 



+ 1 



5 Jo 



J = (D# ) 
Jl=(D*l) 



SH k 
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<5Ji 



1 5J 



Jo=(°*o) 

Jl=(D*l) / 



J =( D *o) 

Jl=(D*!) 



•/0 = (D#o) 
^=(15*!) 



V 



<5Ji 



(9) 



•l) / 



J 1= (23#j 



Using, for instance, the result from Lemma 10 in Ref. [8] we have 



5®o 



dxd6h n ((D$ ),(D$i)) =D 



dxdeh n {{D^o),(D^ l )) =D 



SJ 
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-I 



dx h n (J , Ji 



dx h n ( J , Ji) 



J =( D *o) 

Jl=(D*l) 



J = (D*0) 

ji=(d*i) 



(10) 



and (9) yields 
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where 

J2 =^- 1 I? 2 



, . o 1 

D = 

J = (-D* ) I J Q 

Jl=(^*i) 



J =( D *o) 

Jl=(D*l) 



D" 1 



D(D$ )D- 1 -D 2 \ 



VD-^Z^o)!) + £> 2 D^iDQ^D + D{D^ l )D~ 1 J 



(12) 



and 

K 



n = J dxdeh n ((D^ ),(D^ 1 )) (13) 



Now, Ji and J 2 are odd Poisson structures and this is a characteristic feature of 
this supersymmetrization scheme. J\ and J 2 are symmetric and J\ satisfies the Jacobi 
identity trivially. To show that J 2 satisfies the Jacobi identity is slightly involved and we 
use the super-prolongation techniques [15,16,13] adapted for odd Poisson structures. The 
modification needed to treat odd Poisson structures is to use a two-component column 
matrix of fermionic superfields 

°-U (14) 

and construct the bivector associated with the Hamiltonian structure J 

Q J = lYl [ dz((J) aP np)An a a, /3 = 0,1 (15) 

The necessary and sufficient condition for J to define a Hamiltonian structure is that the 
prolongation of this bivector should vanish 

prv j6 (Qj) = (16) 

For J 2 given by (12) we get 

pr^($ ) =2O + ( J D 2 $o)(^" 1 fii) + (£>$o)fti - (D 2 ^) 

prt j2 n($i) = (D -1 (D$ )(DQ )) + (D 2 Q ) + (D" 1 ^)^)) (17) 
+ ( J D 2 $ 1 )( J D" 1 1 ) + ( J D$ 1 )0 1 

and using this it is easy to show that the prolongation of the bivector (15) vanishes 

prv j2 ^e j2 ) = (18) 

leading to the fact that J 2 satisfies the Jacobi identity. Also, it can be shown that J\ and 
J2 are compatible since 

P r v (j2+aJi)n (<dj 2+aJl ) =0 (19) 
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In this way the sTB-B hierarchy (11) is a bi-Hamiltonian system, which implies its inte- 
grability according to Magri's theorem [15]. 

From the first Hamiltonian structure in (11) we can see that all flows are local. For 
k = 2 (t 2 = t) we get the equations 

2 m 

^r = (D*<S> 1 ) + 2(D((D<S> )(D<S> 1 ))) 

which we call the sTB-B equation. Note that these equations are different from the sTB 
[12,13] equation only in the last term in the equation for $i. In components (20) yields 



0i vi.i. ■ ./,f 4)' 

= 2^ + 2^ J - Vo 



dt 
~dt 



(21) 



(2 J Jx + J[)' 



- = + 2^[Jo + 2J 1 ^ 



(22) 



dt 

which, of course, is invariant under the supersymmetry transformations 

5 J = etfj 
5, J i = eifj[ 

= eJo 
dipi = eJi 

Equation (20) can also be obtained from the Lax operator 



L = D — (D& ) + D~ (D$i) (23) 

with the nonstandard Lax representation (2). The conserved charges (13) can be written 

as 

K n = dzResL n n= 1,2,3,... (24) 



where "Res" stands for the residue which is defined to be the coefficient of the D~ 2 = d~ l 
term in the pseudo super-differential operator. These charges are purely fermionic. The 
first ones are 

K 2 = J ds(£>$ )OD$i) (25) 
K 3 =Jdz [(£>$i) 2 - (£> 3 $ )(£>$i) + (£>$i)(£>$o) 2 
and when written in components they assume the form 
K x = J dxi/j[ = 

K 2 = j dx (Vo^i + Wi) (26) 
K 3 =Jdx (2 - ^'Ji - + ^ Jo + 2Ji Jo^o) 

which can be easily checked to be invariant under supersymmetry transformations (22). 
Note that, in the bosonic limit these charges vanish. 

Let us also note that the charges K n can be simply written as the supersymmetric 
variation of H n of (6) (without e), namely, 

K n = 6H n (27) 

In fact, this allows us to identify the bosonic TB conserved charges as the 6 independent 
part of TrL n . We could also have constructed bosonic conserved charges for the sTB-B 
system using odd powers of the square root of (23) [17,18] 



Q, 



= JdzResL^ n = l,2,3,... (28) 

However, as pointed out by Manin and Radul [19], L 1 / 2 , in such a case, is nonunique in 
general. On the other hand, if we require the coefficient functions to vanish at spatial 
infinity, these bosonic charges are unique and we have checked that they are conserved as 
well. These are, in fact, a new set of charges distinct from H n [20]. 



4. Reductions of the sTB-B Hierarchy 

The TB as well the sTB systems reduce to various known integrable systems. Let us 
show that we can embed the sKdV-B equation into the sTB-B system. Following Refs. 
[13,21] and using (23), we obtain 

(L 3 )>x = D 6 + 3(D$i)£> 2 - 3(L> 3 $ )£> 2 - 3(£>$ )£> 4 + 3(D® ) 2 D 2 (29) 
The nonstandard Lax equation 

^ = [M^ 3 )>i] (30) 

leads to the equations 

^ = - (£> 6 $i) - 3£>((£>$i) 2 + (DQJiDQo) 2 + (D^xXDSo) - 2(D$ 1 )( J D 3 $ ) 

^f=~ (D 6 $ Q ) - £>^6(£>$i)(D$ ) " 3(D$ )(£ 3 $o) + (£>$o) 3 

(31) 

which, for 

$o=0 

(32) 

$i = $ 

gives 

= -(L> 6 $) -3L>((D$) 2 ) (33) 

This is, indeed, the sKdV-B equation considered in [7] . The Hamiltonian structures of the 
sKdV-B can also be obtained from the sTB-B ones. Following the Dirac reduction [21], 
let us indicate by O quantities O constrained to satisfy (32). Then, 

j sKdv-B = _ j 21 j~Ij 12 (34) 

^From (12), it follows that 

(J*)Tt = \ (35) 

and, consequently, (34) yields 

jOMV-b = 1^4 + 2D- 1 (D<S>)D + 2D(D$)D- 1 ) (36) 
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As was noted in [21], the first Hamiltonian for the sKdV-B needs to be obtained from 
the sTB-B Hamiltonian structure Jq and not from Ji . Recursively we have 

Jo = R' 1 Ji (37) 
where R = J2J1 is the recursion operator. It is straightforward to show that 

/ _1 (jsKaV-Byl D 2 ^BKdV-BJ-l \ 



RT X = 



0i -W' + 2(qq)q) 
§ = f + 2(qq)q 



(38) 



V \ - \D 2 ( J 2 sKdV " B ) - 1 D 2 \D 2 ( J- 2 sKdV " B ) - 1 J 
Therefore, it follows from (37) and (34) that 

^sKdv-B = { j oh2 _ (j Q ) 21 (j Q )-i(j ) 12 = I (39) 

The Hamiltonian structures (36) and (39) are, indeed, the ones derived in [7]. 
It is well known [10,11,13] that the field redefinitions 

J ° = -7 = - (ln<,) ' (40) 
Ji =qq 

take the TB equation (1) to the nonlinear Schrodinger equation (NLS) 

dq 



(41) 



So, it will be expected that some field redefinition will take the sTB-B equation to a new 
system, the sNLS-B equation. Let us use the field redefinition 

[ 0> (DQ)_ (42) 
(£><&!) =(DQ)(DQ) 

where 

(DQ) = q + 6<J)' 

(43) 

(DQ) = q + 6(j) 
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Using this in the Lax operator (23) , we obtain 

(d 3 q: 

(DQ) 



L = D 2 + ^ ® + D- 2 (DQ)(DQ) = GLG~ X (44) 



where 

G=(DQ)~ l 

(45) 

L =D 2 + (DQ)D~ 2 (DQ) 

So, we have the Lax operators L and L related by a gauge transformation. Taking the 
formal adjoint of L 

C = L* = -D 2 + (DQ)D~ 2 (DQ) (46) 

we can obtain consistent equations using the standard Lax representation 

dC 
~dt 

and they are 



(£ 2 ) + ,£ (47) 



^ = -(D*Q) +2D- 1 ((DQ)(DQ) 2 ) 
^ = (D 4 Q)-2D- 1 ((DQ) 2 (DQ)) 



(48) 



which, unfortunately is nonlocal. The reader can verify that the same result (48) can be 
obtained directly from the supersymmetrization of the bosonic NLS hierarchy following 
the same steps from (8) to (11) used for the TB hierarchy. 

5. Zero Curvature 

As is clear from the discussions of the earlier sections, the Hamiltonian structures of 
the sTB-B are fermionic. Normally, the Hamiltonian structures of the integrable models 
correspond to interesting symmetry algebras and dictate the choice of the gauge group 
in the zero curvature formulation of the problem [22]. It is, therefore, interesting to ask 
whether a zero curvature formulation of this model can be achieved. To this end, we first 
discuss the problem in superspace before returning to the component formulation. 

From the structure of the Lax operator in (23), we note that the linear problem 
associated with the sTB-B system is given by (A is the constant spectral parameter.) 

L X i = X X i (49) 
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where xi is assumed to be a bosonic superfield eigenfunction. We note that we can write 
the equation in a completely local form by introducing a second superfield as 

X 2 = [D-^D^xi] (50) 
so that the linear equation can be written as 

d xX = A lX (51) 

where 

(52) 



X 

Al 



Ao=[i I) (54) 



X2j 

A + (D$ ) -1 


It is interesting to note here that both the superfields xi an d X2 are bosonic. This is 
different from the discussion in [23] and it is not clear how a graded symmetry group 
would arise in such a case. 

Writing the time evolution equation as 

dtX = A oX (53) 

where we assume that, in terms of general superfields, Aq has the form 

A B 

x C E 

the zero curvature equation 

d t A 1 -d x A o -[A o ,A 1 }=0 (55) 

is obtained as the compatibility condition between the two. This leads to the constraint 
conditions 

A = E + B x -(\ + (D$ ))B 

(56) 

C = E x - B(D^) 
as well as the two dynamical equations 

|-(£>$o) = B xx + 2E X - [B(D$ )] X - XB X 

f (57) 
-(ZXh) = E xx + E x (D<S>o) - 2B X (D$ 1 ) - B(D 3 ^ 1 ) + XE X 
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It is clear now that if we write a Taylor series expansion of the forms 

N N 



(58) 



n=0 



n=0 



the recursion relations take the form 

/ (DB n+1 ) \ _ ( D 2 — D(D<S>o)D- ] 
V (DE n+1 ) 



(DB n ) 



(59) 



D(D^ 1 )D~ 1 + D~ 1 (D^i)D -D 2 - D~ 1 (D$ Q )D ) \ (DE n ) 

which is the same as the recursion operator following from Eqs. (12) with appropriate 
identifications. If we now choose 



B = l, 



En = 



(60) 



it is straightforward to check that the sTB-B hierarchy follows. In particular, the third 
order equation yields the sKdV-B equation when <E> = as it should. 

From the form of Ai, the symmetry group appears more like SL(2) xU(l). A graded 
symmetry algebra is not at all clear and the reduction of the zero curvature condition 
to components is even more obscure. We have, however, succeed in obtaining the zero 
curvature condition for the hierarchy in terms of 4 x 4 matrices. Without going into 
details, we simply note that the matrices 



A = 



Ji 

/ F G \ 

' H K 

P Q F G 

\R S h k) 



-1 





° \ 














(A + Jo) 


-1 





Ji 


/ 



(61) 



would yield, from the zero curvature condition, the constraints (both ' and the subscript 
x denote derivative with respect to x) 

F = K + G X -(X + J )G 

H = K X - GJ X 

P = S + Q x -(\ + J )Q-ij' G 
R = S x -J l Q- ip[G 
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(62) 



as well as the dynamical equations 

Jot = G xx + 2K X — Jq x G — (A + Jq)G x 
Jit = ^ii — Ji x G — 2J\G X + (A + Jq)K x 

(63) 

^ot = Qxx + 25 x - J 0x Q - W G)' - (A + J )Q X 
V>it = 4x - JixQ - 2 JiQ x - 2^iG x - ip"G + ^K x + (A + J )5 X 
Once again, writing a Taylor series as in Eq. (58) and choosing 

G = 1 , K = = Q = S (64) 

leads to the sTB-B hierarchy in components. It is worth noting here that the matrix 
structure, in components, suggests an underlying symmetry algebra of OSp(2 \ 2) which is 
also isomorphic to SL(2\1). 

6. Conclusions 

We have constructed a new supersymmetric two boson (sTB-B) hierarchy and studied 
its properties. We derived the conserved charges and have shown that it is a bi-Hamiltonian 
system. The Jacobi identity for the Hamiltonian structures are verified using the super- 
prolongation technique. We have shown how this system gives the sKdV-B system as 
well as its Hamiltonian structures upon appropriate reduction. We have also described 
the zero curvature formulation of this new hierarchy both in the super space as well as in 
components and have brought out its distinguishing features. 
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